866 ATAA JOURNAL

100. |- T 1

-
Mo

|

m
—

50.+ + ﬂ

-100} 16 + 4

~150. 1 1 1
-03 -0.2 -0 0.0 ol 02 03

X/L

Fig. 2 Nondimensional load-deflection behavior for the adjustable
“‘elastica’’ spring.
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Fig. 3 Nondimensional maximum bending moment-deflection
behavior for the adjustable ‘‘elastica’’ spring.

Using these two mathematical forms, the requirement that
W,+ W,=D and the requirement that the overall load P
must be the combination of the loads P, and P,, the designer
can find the load and maximum bending moment for any
deflection of the device shown in Fig. 1. The nondimensional
load-vs-deflection curve is shown in Fig. 2 for various values
of D. The bending stress will be maximum wherever the
bending moment is maximum. This critical value will occur at
the point where the curvature of the strip is maximum. For the
design process, the value of M can be determined from the
nondimensional plot shown in Fig. 3. Since the strips are
assumed to be initially straight before they are installed, the
bending moment does not equal zero when the suspension
deflection is zero.

Once the parameter D has been selected, the dynamic
analysis can be accomplished by traditional techniques.*
When properly applied, the elastica suspension allows an
initial “‘soft’” support to minimize steady-state vibration
transmission but will also stiffen at large deflections to
provide ““hard’’ behavior in the presence of shock loads. The
selection of the parameter D allows the designer to choose the
degree of initial stiffness necessary for a particular ap-
plication.
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Motion of Spinning Spacecraft
with Hinged Appendages

R. Sellappan* and P.M. Bainumf
Howard University, Washington, D.C.

Introduction

HE motion and stability of a spin-stabilized spacecraft

with hinged appendages are treated. The dynamics of this
type of fixed length appendage system during the deployment
maneuver has been previously studied only for the case where
the transverse components of the angular velocity vector are
assumed to be zero throughout deployment and where the
hinge points are located on the hub’s principal transverse
axes.! The present study considers the three-dimensional
dynamics of a spin-stabilized spacecraft with hinged ap-
pendages where there is no restriction on the location of the
hinge points. The motion and stability of such a system will be
studied, analytically for special cases, and numerically for the
general case.

Analysis

A. Equations of Motion
The hinged system to be studied is shown schematically in

Fig. 1. The equations of motion in the five variables: w;, w,,

w;, a;, and «, are developed using the quasi-Lagrangian

formulation for w;, i=1,2,3, and the general Lagrangian

formulation for the variables «;, i=1,2. The equations of
motion for this system, neglecting external torques, are
obtained as follows [m/(M+2m) < <1]?:

11(;)1" (12—13)w2w3+m[2(r§+a2+t’2) +2f[r0(5a1+5012)
—a(ca;+caz) Y 1o, —m{2a? — 2af(ca; + cay)
+[2(C2(11+C2a2) —2r(2)—2r0f(sa1+sa2) }w2w3
+2mt’{r0(Ca10'tl +Ca2('x2) +a(sa1d1+sa2d2) }wl +ml[a
X (sa;—sa,) —ro(co; —coay) — (4/2) (S2a;, —52a,) }
+(wi—wl)+m{flé, —é&,) + (&,) 2 (ryca; +asa;)

+ &, (roso; —acay) — (é,) ? (roca, +asa,)
— &, (rosoa, —aca,) } =0 {1)

Iz{..dz— (13—‘11)60]601 +m{202—2a£’((‘a, +Ca2) +£’2(02a1
+cay) Yoo, — mb{a(so; — sasy)

—ro(ca,—Cag) - (9/2) (S2a1—s2a2) }<b3+mf{a(sa1

'—Sag) “"0((’(11‘(:(12) - (2/2) (52011—‘52(12) }(.0[0)2
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Fig. 1 Hinged deployment system.

—m{P?(sPa;+5%a,) —2(a? +1%) +2a(ca,
+Caz) }w3w1+m{20£’(sa1d1 +S(¥2d2) —92(52(11(‘11
+S2(12C-!2) ]w2+mt’{f(a1—a2) —2a(ca1(11—-ca2(x2)

+B(C2a1d1—C2a2d2) }w3=0 (2)

Loy — (I — L) 0,05+ m{2r§+ 2rol(so; + soz)
+02 (52, +5%0,) Jio; — mbta(sa; — sat5)
—ro(ca; —cay) — (8/2) (820, — 52a;) Y,
—m{2(rd+02) +20ry(so; +s0;) =82 (cPoy + Pa) Y02
—mt{a(so,; —Ssa,) —rp{ca;—cay) — (U/2) (s2a;
—52005) Ywzw; — mi{ 2ry(So; & —sop ) —(c20; &y
—c20,60) +0(ét; — ep) Yoy + m{2rpf(co &y + coyty)

+t’2(82a10't,+s2a2d2)}w3=0 (3)

i’a,:t: (l’+rosa,»—aca,~)d>1—- (r0CC¥1‘+ (?/2)52a,)w§
— (asa;— (£/2)s2a;) w3 — (roca; +asa;) w?i

+ (aco; + roso;—c20;) wyw, + (co/ MY la; =0 )]

Here, we define sa; = sine; and ca; = cosa;. Also, where a sign
option exists, the upper sign applies for i=1 and the lower
sign applies for i=2. (A linear viscous damping is assumed to
be present about the hinge points with ¢, the equivalent
viscous damping coefficient.)

B. Two-Dimensional Motion

The equations of motion for the two-dimensional case with
no offset can be obtained by assuming w;=w,=a=0. Also,
following Ref. 1, the hinge members are assumed to move in-
phase (o; =o,=«). The equations are linearized about the
nominal equilibrium state: a=x/2 and w;=Q(2=nominal
spin). The original coordinates can then be related to the
variational coordinates by:

a=m/2+e€ w;=0+46; e<<I, << )
The linearized equations which result are:
w; =02+ 6(0) =Q=constant ®)
é+dé+Ne=0 (7
where
d,=c,/m and A=QVIi+ry/f
The stability of this second-order system is well known.

Next, the large amplitude case is considered. From Eq. (3),
the closed-form solution relating the spin rate to the hinge
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angle, with the initial conditions: w; (0) =Q, a(0) =0, is
w3(8) =3+ 2m r3) /U4 2m(ry+{ sina) ?] 8)

Here it is observed that w; (£) attains a maximum value when
a=0, 7, etc., and a minimum when a=7/2, 37/2, etc.

C. Three-Dimensional Motion

The three-dimensional equations of motion, Egs. (1-4), are
linearized about the nominal equilibrium state: w, =w,=0,
a;=o,=17/2, w;=Q. The original coordinates are related to
the variational coordinates by:

ag:W/2+€[, l=1,29 w3=9+5 (9)

Based on the assumpiions that w;/Q, w,/Q, /9, ¢, and é;/9
are small compared to 1, the equations of motion for a
symmetrical spacecraft (I, =1I,=1I) can be approximated bya
linear set in which w; =Q+6(0) =Q is a constant. With r=Qt
as the independent variable, u=w,;/Q and v=w,/Q as
dependent variables, and

h=2ma’/1, g=2m(ro+0?2/I, k=mi(ro+8)/1

2p=c,/mQ, f=14(rg/0), n=3/1)~1

as nondimensional constants, the linear equations become:

(I+g+mu' +(n+g—h)v+k(ef+e)—k(ef+e) =0

(10)
(1+h)yv' —(n—hu=0 11
e/+ 2pe/+ fe;x fu' xfo=0; i=12 a2

where primes denote derivatives with respect to 7, and the
relationship: g =2&fis used.

The necessary and sufficient conditions for stability of the
system are obtained by applying the Routh-Hurwitz criterion
similar to the procedure of Ref. 3. The characteristic
equation, corresponding to Eqs. (10-12), is developed as

(s?+2ps+ N1 U+g+h)(U+h)s?+ (nt+g—h) (n—h)}

X (s2+2p5+) =g (s°+ D {(I+hys’+(n—h)}1=0 (13)
Equation (13) separates into two factors—a second-order
factor describing a mode where both hinged members move in
phase as a unit, and a factor represented by a more complex
fourth-order polynomial. From the quadratic factor the
stability condition is found to be ¢, > 0.

As the stability, also, depends on the fourth-order factor in
Eq. (13), we will consider different configurations of the
system in the following special cases:

Case a: I; maximum moment of inertia (n>0) with no

offset of hinge points (A=0): the fourth-order factor in Eq.
(13) with A= 0reduces to:

Pos*+pis’ +pas?+pis+pi=0 14
where :

po=1; py=2p(1+g); p,=(n+Hn+(1+g)f
—g(1+n);p;=20(n+g)n; pe=(n+g)nf—gn
The nontrivial Routh-Hurwitz stability conditions are
piP2—pop3;>0 15)

(p1P2—PoP3)Ps—PiP4>0 (16)

Expansion of Inequalities (15) ‘and (16) results in complex
algebraic relationships involving the system parameters.
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Fig. 2 Deployment dynamics of the system for two-dimensional
motion.

However, it can be seen from consideration of the signs of
each of the coefficients in Eq. (14) that p; >0 and p;>0.
Since both g and n are positive, therefore, for stability, p >0,
implying the necessity of (positive) hinge damping.

Case b: I; maximum moment of inertia (7>0) with offset
of hinge points (##0): the details of the stability analysis are
given in Ref. 2. The necessary condition from the rule of signs
is obtained as

lal=v({;—-1)/2m a7

This inequality shows that the magnitude of hinge offset from
the (1,2) hub plane is limited by the differences in the hub
moments of inertia and the size of the end masses. The Routh-
Hurwitz stability conditions obtained are of the same form as
for the case of h=0.

Simulation Results
The nonlinear equations of motion, Eqs. (1-4), describing
the deployment of the hinged system are used for numerical
integration with the following system parameters ' (Fig. 1):

I,=1,=85stug-ft?; I;=10.5slug-ft?; ro=1ft;
(=4ft;a=0;, m=0.125 slug; Q=4.82rad/sec.

A. Two-Dimensional Motion

The deployment dynamics of the system starting from the
position where the hinged members are initially parallel to the
spin axis («=0) is simulated in Fig. 2 without hinge damping
(solid curve) and with hinge damping (dotted curve). The X on
the time axis represents the maximum time simulated by Lang
and Honeycutt.! It is seen that without hinge damping, the
hinged members exhibit a flapping-type motion as momentum
is exchanged between the hinge and spin motions. Figure 2
verifies the closed-form analytic solution obtained relating
spin rate with hinge angle [Eq. (8)] for the undamped case.
Also indicated are the maximum and minimum spin rate
obtained during the flapping motion, as predicted by Eq. (8).
With hinge damping the system can be fully deployed in about
10 sec.
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Fig. 3 Depleyment dynamics of the system for three-dimensional
motion.

B. Three-Dimensional Motion

The general three-dimensional motion analysis for large
amplitude (o, and «, are physically free to vary between 0
and 180°) is considered in this section. The results are
illustrated in Fig. 3 for different parameters. The rate
damping torques about the ‘1’ and ‘2’ axes are assumed to be
—R,w;, and —R,w,, respectively. From the simulation
results, the observations are:

Case 1): for the values a=0, c,=0 and R;=0, the hinge
members would intersect the hub structure (la1>180°) as
indicated.

Case 2): for the values a=0, ¢, =0.1 Ib/ft/sec and R;=2
Ib-ft-sec, the hinge motion lies within the physical boundary
as indicated, and the system can be fully deployed in about 10
sec. The angular rates about the transverse axes are nearly
removed and the spin rate reaches a steady-state value of 4.1
rad/sec from an initial value of w;(0) =4.82 rad/sec.?

Case 3): for the values: a=1.0 ft, c,=0.1 1b/ft/sec and
R,;=2 Ib-ft-sec, the hinge motion would interfere with the
main satellite structure.

Case 4): since there are no criteria to determine the
magnitude of offset of the hinge points for general nonlinear
motion, a value of =0.5 ft, which is less than 1.0 ft used in
Case 3), is selected keeping the same values for ¢, and R; asin
Case 3). The response of the system for these parameters is
indicated. The behavior here is similar to that shown in Case
2).
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Minimization of Temperature
Distortion in Thermocoupie Cavities

Ching Jen Chen* and Peter Lit
The University of Iowa, Towa City, Iowa

Introduction

DIRECT measurement of transient surface temperature

and heat flux is cften difficult. For example, a surface
involves two modes of heat transfer, say radiative and con-
vective heat transfer. In this case, if the measuring probe has a
different radiative property from that of the surface,
erroneous measurements will result. Therefore, indirect
estimation by inverting the temperature history inside the heat
conducting solid as measured by a thermocouple is often used
for prediction of the surface temperature and heat flux.
Beck,! Herring and Parker,? Frank,® Imber and Khan,*
Stolz,* and Chen and Thomsen® have developed inversion
solutions for this purpose. Since all of these solutions
assumed that the cavity drilled into the solid does not distort
the true temperature distribution, it is, therefore, important
that the temperature measurement by an interior probe be
accurate and involve little distortion or error. From studies
made by Chen and Li’ and Beck,? it was found that with a
proper combination of the thermocouple cavity diameter,
cavity depth, and the thermocouple material, the magnitude
of the distortion of the temperature field with respect to space
or time can be minimized. In this Note we study the optimum
combination of geometrical parameters and material
properties to eliminate the temperature distortion.

Analysis

In the present study, we consider a disk depicted in Fig. 1,
which has a thickness D and a cavity of diameter d drilied to a
depth of ¢ distance from the heated surface. The heat flux Q is
assumed to be constant and the upper surface of the disk is
assumed to be insulated. A thermocouple of diameter d, is
welded onto the cavity base. The diameter of the disk is
chosen to be 2D with the temperature distortion due to the
thermocouple cavity assumed to be negligible at the edge. For
this to be true Chen and Li’ showed that the ratio of the
cavity diameter to the disk diameter d/2D should be smaller
than 0.1. The portion of the cavity not filled by the ther-
mocouple can be air or insulating material. The basic idea
used to minimize or to eliminate the temperature distortion is
based on a proper choice of the thermocouple size and the
thermocouple material, which has a higher thermal con-
ductivity than that of the disk, so as to conduct more heat
away at the cavity base balancing the insulation effect of the
insulator in the cavity.

Let X and Y be the respective coordinates along the heated
disk surface and the axis of the cavity. The thermal con-
ductivity is assumed to be constant. The governing equations
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for transient heat conduction in dimensioniess form are
. / 2 7 2
Sl c\a ANEL N 8) i=1,2,3 0
ax? x ox 6y
where 7=a,1/D? is the dimensioniess time, x=X/D the
dimensionless radial coordinate, and y=Y/D the dimen-
sionless distance normal to the heated surface. The «; are the
thermal diffusivities with subscripts 1, 2, and 3 denoting the
disk, the insulating material, and the thermocouple. The
dimensionless temperature 9 is defined as Tx,/QD where T is
the temperature above the initial uniform temperature and «;
is the thermal conductivity of the disk.
The initial temperature of the disk is

8(x,»,0)=0 ()

The boundary conditions (Fig. 1) are:

a6 a6

y=0, — =—=1 y=I - =0 3)
dyiy=p ay y=0
a9 a0

=12 2 0 =02 =¢ @
oxl,=; 0x 1y =0

There are five parameters that can be varied for the present
analysis. They are: 1) the dimensionless distance from the
base of the cavity to the heated surface ¢/ D, 2) the size of the
cavity d/2D, 3) the ratio of the thermocouple diameter to that
of the cavity d,/d, 4) thermal conductivity ratios x,/x; and
k3/x; which come from the continuity of heat flux at in-
terfaces, and 5) the ratio of the product of density and specific
heatp3cj/mc].

Because of the complexity of the geometry and the
multiplicity of materials, the finite element technique as
discussed by Wilson and Nikel!® is adapted. The present
problem is subdivided into finite elements as required by the
method. The cross section is subdivided into 121 finite
elements with 12 dividing lines on both coordinates. Each
element is defined by four nodal points where nodal points are
denoted by intersections of the dividing lines. The solution at
each node with respect to time is then obtained.

For numerical calculations three typical values of the
distance from the heated surface to the base of the cavity e/D
are chosen. They are 0.02, 0.06, and 0.1. The cavity diameter
is fixed at one tenth of the disk diameter. The thermocouple to

3 steel
Thermocouple
Insulation

12 FINITE ELEMENTS
Fig. 1 Geometric representation of problem.



